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Abstract— In this paper, we design a downlink beamforming
vector for a multiuser MISO cellular cognitive radio network
with imperfect channel state information (CSI) at the secondary
base station. The idea is to minimize the secondary BS transmit
power subject to outage probability constraints to the QOS of
the secondary users (SUs) and the interference power to the
primary users. This led to a non-convex optimization problem
but was reformulated to a convex-one using semi definite
relaxation technique. The resulting problem can be solved
efficiently using interior point methods. Computer simulations
shows that the probabilistic approach used is more power
efficient than the less flexible worst-case approach.

Index Terms— Beamforming, Cognitive Radio and Secondary
User

I. INTRODUCTION

HE increasing demand for wireless services has urged

researchers to seek an efficient way of utilizing the

available radio spectrum. Wireless communication has
been expanding at a fast pace and this has lead to an increase
in demand for the spectrum. Currently, research is focused on
utilising the spectrum as efficiently as possible. Cognitive
radio (CR) is a promising solution to solve the spectrum
scarcity problem [1]. Cognitive radio is an adaptive,
intelligent radio and network technology that can detect
available channels in a wireless spectrum and changes
transmission parameters enabling more communication to run
concurrently. Cognitive radio network (CR-Net) architecture
usually comprises of the secondary users (SUs) which are
operating in an unlicensed band or coexisting with primary
users (PUs) in the same licensed band. The PUs are the
original licensed users to operate in a particular spectrum
band while the SUs are the unlicensed users and they attempt
to use the spectrum opportunistically. In practice, the
secondary spectrum usage is only possible if the SUs can
cause an acceptably small performance degradation to the
PUs. A situation whereby PUs share the same spectrum with
the SUs is known as underlay cognitive Network, provided
that the amount of interference power (IP) to each PU receiver
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is kept below a certain threshold, whereas if the SUs utilize
the spectrum when the primary user is not using it, is called
overlay cognitive network [2]. In this paper, we are interested
in the underlay cognitive radio network.

Fig. 1 illustrate the downlink scenario of a single cell
multiuser multiple-input-single-output (MISO) CR-Net with
K SUs and coexisting with M PUs.

In Fig. 1 there are two sets of channel-state information
(CSI) that we are considering for the system design. The first
set is the channel between the SU-Transmitter (SU-TX) and
the SU-Receivers (SU-RXs) which we term the SU-link CSI
while the other set is the channel between the SU-TX and the
PU-Receivers (PU-RXs) which we term the PU-link CSI. In
this paper we regard the interfering transmission power from
the PU-Transmitter to the cognitive radio network as part of
the noise term. For a good transmission design in a downlink
channel, the knowledge of the downward link CSI is needed.
This knowledge is usually acquired by transmitting pilot
symbols from the downlink transmitters to the downlink
receivers; the feedback of the estimated CSI is also
transmitted from the receivers back to the transmitters. For
cognitive radio network (CRN) in an underlay setting to
operate without too much interference to the PUs, downlink
Beamforming must play a vital role. The performance
improvements brought by the use of downlink Beamforming
can be realized if accurate channel state information is
available at the transmitter. Note that from a mathematical
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Fig. 1: A single-cell underlay CR-Net
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point of view, the CR Beamforming can be viewed as a
conventional Beamforming problem with additional
constraints on the interference to the PUS.

Il. RELATED WORKS

Several Beamforming techniques have been developed
assuming perfect CSI in cellular systems. In [3], the
availability of instantaneous CSI at the transmitter is
considered while the technique in [4] relies on perfect
covariance-based CSI at the transmitter. In practice, however,
because of the time varying nature of wireless channels, it is
impossible to perfectly acquire the CSI due to channel
variations or feedback errors. In this paper, we will consider
the transmit design for a multiuser MISO cellular CR-Net
with uncertain CSI in both the SU-link and the PU-link using
probabilistic approach and compare it with the worst case
design method.

Several related works have been developed which assume
perfect CSI for CR-net beamforming techniques, see [6]-[7].
Methods considering erroneous CSI are considered in [8]-[9].
Authors in [8] used several approximations which are
conservative modifications of the QOS and PU interference
constraints, which are termed the worst case approaches. Note
however, that in wireless communications, it is not practical
to use deterministic upper bounds on the norms of the channel
errors. As the wireless channel varies randomly, it is more
logical to exploit the statistical nature of these errors. This
motivates us to consider a probabilistic model for the
mismatches.

In this paper we propose a robust approach to cellular
cognitive downlink beamforming where the secondary base
station transmit power is optimized, subject to the outage
probability constraints. Note, several outage probability-based
design techniques have been earlier proposed for power
control in single-antenna systems [10]-[11], multi-antenna
system [12], cognitive network [13], cellular network [14] but
apply it to a different problem altogether. In [13] the outage
probability based problem was regarded to be a mathematical
equivalent to the worst-case formulation; however the authors
do not actually utilize it for further analysis or comparison. In
this paper we utilize the statistical outage probability based
problem as a basis for comparison with a conventional based
worst-case formulation which has deterministic upper bounds
on the norms of the channel errors; and results from our
simulation shows that the outage probability based approach
out performs that of the worst-case design based robust
transmit beamforming technique.

Notations: Matrices and vectors are type faced using bold
uppercase and lower case letters, respectively. The transpose
and conjugate transpose of the matrix A are denoted as A"
and A", respectively. The trace of a matrix is annotated using
Tr[-]. The PSD of the matrix A is depicted using A=0. The
symbol 2 means "defined as" C™" is used to describe the
complex Gaussian random variable with the variance of o is
denoted using CN(0, 6°), for a vector x, ||x|| is the Euclidean
norm, where as the norm of a matrix like ||4]| is the frobenius
norm.

Ill. PROBLEM STATEMENT

Consider a single-cell CR-net coexisting with a single-cell
PR-net with M PUs and K SUs. It is assumed that the base
station of the secondary user is equipped with N antennas
while both the primary and the secondary users consist of
only a single antenna. The signal transmitted by the secondary
user base station is:

X(O)=2k=1 5 = WS M)

where S=[s;,......s,]" € C**' contains the transmitted
symbols and W=[wy,......w,] € C¥*X is called the pre-coding
matrix; wy is the beamforming weight vector for the kth
secondary user and is defined as wy € C™' . The received
signal at the secondary kth user terminal can be written as:

re(D=hg x(t) + n, (t) 2

The {h;, € CV*1}X_, is the channel from SU-TX to each SU-
RX. ng(t) is the zero mean circularly symmetric AWGN
component with variance o?. Inserting (1) into (2) and
applying the statistical expectation E{-} over the random
channel signal and noise realizations, we obtain that the
received signal power p,., = E{|r(t)|?} of the kth SU can be
expressed as:

k
Prik = Wi Rewy + X W R, w; + of 3)
izk

where R, = E{h,h!} is the downlink channel covariance
matrix for the kth SU. Also it is assumed E{s,(t)} = 0 and
E{|s (t)]?} = 1 forall k=1,.....,K.

The SINR at the kth SU-RX SINR,, is given by:
WI,;IRka (4)

Z’i(=1 wiHRkwi+a,§
izk

SINR, =

in addition, the received, signal at the mth PU is given as:

Zm = Z£=1 ggnwksk + Uy )

where {g,, € CV*1}M__ is the channel from SU-TX to each
PU-RX. w,,is the received noise. The interference power IB,,
to this PU-RX is given as:

IPm = Ik<:1 WgGka (6)

where G,,, £ E{g,,g%} is the downlink covariance matrix for
the mth PU.

The design objective is usually to minimize the transmitted
power while guaranteeing that the SINR at each SU-RX for
all the channel realizations is higher than the QOS-
constrained threshold {SINR, >y, }¥_, and simultaneously
the IP at each PU-RX is less than the PR-Net imposed
threshold {IP,, < k,,}}_, . Mathematically the resulting
optimization problem can be described as:

min{wk}fg:l 2115:1 llwy II?
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WII;IRka

subject to >V K=1,........ K
k

Zi-‘zl w{"Rkwi+a
izk

YK whGawi<k, m=1....M )

By introducing a new variable W, = w,wf and using
semidefinite relaxation, (7) which is non-convex problem can
be converted into a semi definite constraint problem [5] as:

minimize YX_, Tr{W,} subject to

TriW R} — Vi Tie1 Tr{W,R,} > y,.0¢

ik
k=1,....... K
Z£=1 Tr{W G 3<ky,
m=1,...... M
W,>0
k=1,....... K (8)

A) Worst Case Performance Optimization

The transmitter beamforming design in (8) assumes perfect
CSI at the base station. But for a robust algorithm assuming
uncertainty in the CSI; the covariance matrix for the kth SU
will become R, + E,, where as the covariance matrix for the
mth PU will become G,, + E,, where R, € C"*N | G, €
CNXN are the presumed downlink channel covariance matrix
for the Kth SU and the Mth Pu respectively and E, € CNXN
and E,, € CN*N are the error matrix that corresponds to the
estimates errors in R, and G, respectively. Throughout this
paper, we will regard E, and E,, as uncertainty matrices
because they characterizes the mismatches between the actual
and presumes(estimated) downlink channel covariance
matrices. Note that the following matrices; Ry, G,,, E; and
E,, are all hermitian.

The original problem is therefore modified as:

minimize YX_, Tr{w,} subjectto

Tr{iW, (R + E})} — Vi Zica Tr{W,(Ry + E})} = yi0/

izk

m=1,....... M
W,>0
k=1,.......,.K 9)
In the worst-case performance optimization, the

beamformer weight vector should be designed using a set of
constraints on the worst possible errors. In [10], the robust
transmit beamforming technique is based on the conditions
that the frobenius norms of the error matrices E, and E,, are
upper and lower bounded by a known constant and the
problem considered is to minimize the transmit power subject
to QOS constraint for the SUs and IP constraints for the PUs ;
that should be satisfied for the worst -case matrices E, and

E,,, which are bounded in their frobenius norm as ||E.|| <
and ||E,, || < &, respectively where ¢,, > 0 and g, > 0. The
resulting problem will be modified as shown in [8] as:

minimize YX_, Tr{W,} subject to

TriW, (R — &)} — vi Diea TH{W (R, + &)} = ;.0

ik
K=1,......K (10)

Eqg. (10) is a SDP problem; it can be straightforwardly solved
using convex optimization algorithms like CVX.
Unfortunately, this approach requires the norms of {E,}%_,
and {E,,}}_, to be bounded by ¢, and &, respectively. This
stringent requirement may not be satisfied in practice, and
moreover, the worst-case approach can be overly pessimistic
because the probability of the actual worst-case errors may be
extremely low [15]. Therefore, probabilistic (soft-constrained)
design provide a more realistic and flexible alternative to the
deterministic worst case design.

B) Outage Probability Approach

In this section, we formulate a probabilistic approach to
robust downlink beamforming for cellular cognitive network
based on the outage probability. The idea is to replace the
SINR and the IP in the formulation of the worst-case based
downlink beamformer by more flexible probabilistic
constraints. The resulting problem can be described as [16].

min,, [lw[?
subject to
P, = p; for all k=1,....,.K
Py = p,, forallm=1,...M 11)

Pk = PI‘ (SINRk 2 yk)

Wi (Ri+Ei)wic
= >
Pr (25;1 wH(Rg+Eg)Wi+a2 = Yk (12)

izk

and B, = Pr (IR, < k)
=Pr (Zlk(=1 Wg(Gm + Em)wk < km) (13)

where Pr (+) is the probability operator. P, and B, defines the
probability that the Kth and Mth users are not in outage and py
and p, are preselected threshold value. The non-outage
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probabilities for the Kth and Mth users are defined as the
probabilities of the SINR to be greater than the threshold
value y, and the probability of the IP to be less than the
threshold value k,,,.

Note that the outage probabilities in eq. (11) is defined as 1-
P, and 1-B,, respectively. i.e; as the probability that the SINR
of (7) is below the threshold value y,, and that of the IP of (7)
is greater than the threshold value of k.

We can express (12) and (13) as:

Py = PA{Tr(W(Ry + E)) = yi Xty Tr(Wi (R, +

ik

Ek)) + Yi0i } (14)

B =Pr{Z{ Tr(Wy (G + Ep)) < ki } (15)

introducing the matrix Z,,

Zy =W, -y 2 W, (16)
ik

(14) can now be rewritten as:

Py = PATr((Ry + E})Zy) 2 yy0i} 17)

simultaneously; introducing the auxiliary matrix C
€2k Wy (18)
Hence (15) can now be written as:

P = Pr{Tr((G, + E;,)C) <k} (19)

To obtain a mathematically tractable formulation, we will
assume that real valued diagonal and complex valued upper or
lower triangle elements of E, and E,, are zero mean ,
independent Gaussian values with a variance of Uezk and
aezm.The Gaussian part of this assumptions is motivated by
the fact that the covariance matrix errors are typically caused
by multiple independent "error sources".

Let us define our new real-valued random variables as:

Vi 2 Tr{(R + E)Z;} (20)
Vi 2 Tr{(Gp, + Ep)C} (21)
Then

E{y,} = E{Tr((Ry + Ex)Z})} = Tr{R\Z;} (22)
E{yn} = E{Tr((G,, + E;;)C)} = Tr{G,,C} (23)

To compute the variance of y, , note that o =E(y) —
E(i))?

=E(Tr{(Ry + Ex)Z} — E(TT{(Ry + E})Z;;}))?
=E(Tr{(Ry + Ex)Z;} — Tr{RyZ;})?

=E(Tr{RyZ,} + Tr{E}Z} — Tr{R,Z,})*

=E{Tr{EZ,}Tr{E\Z,}"}

= E{vec(Z!) Hvec(E)vec(E;)vec(Z)}

= vec(Z!) "E{vec(E)vec(E)"}vec(ZH)

= g, vec(Zy) "lyy vec(Zy)

= a4 Tr(Z{Z,) = a2 |Z:? (24)
Similarly, the variance of y,,, can be computed as:
E{Tr{E,,C}Tr{E,,C}'} = O'ezm||C||2 (25)

The non-outage probability P, = Pr (y, = y,0# ) can be
expressed as a probability density function.

— (*® 1 _ (J/k—uk)2>
Pe = by, o Fomougii exP( 2ot qzaz) Y (29
where u, = Tr{RyZ,}>0

Similarly B, = Pr (¥, < k,,, ) can be expressed as a
probability density function.

e
Pm=f

_ (J’m_ﬂm)z
—© 2T o, Il exp ( ) dy @7)

22, CII?
where Um = Tr{G,,C}>0

Using the Gaussian error function (-) , the non outage
probability can be further expressed as:

_ 2
l_i_lerf(M)'ifyk o2 <

2 2 VZ 0 l1Zkll

P = 1 1 Yk Ulg—ﬂk : 2 (28)
E_56rf<ﬁaek||zkn>'lf VieOk 2 H
1 1 Um—Kkm -
2 zerf(ﬁaemucn)'lf fm <

B, = L . (29)
.1 m—Hm .
z+zerf(ﬁaemucn)'lf fm 2 Hm

Note that for any reliable communication link, the non-
outage probabilities P, and B,, must be close to one(with the
ideal cases P, and B, =1). As the argument of the error
function is positive for equations (28) and (29); the upper

. . 1
equation and lower equation corresponds to P, 27 and

B, >% respectively; whereas the lower equation and upper

equation in (28) and (29) corresponds to P, < % and B, < %
respectively. Therefore only the upper equation of (28) and
the lower equation of (29) have to be considered. Using these

equations, the non-outage probability constraints in (11) can
be expressed as:

Hk—Yk 0}% _

erf (vz’ aekuzkn) = 2pe — 1 (30)
km—tm

erf (—memucn) > 2p, —1 (31)
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After simple mathematical manipulations, we can modify (30)
and (31) as:

Tr(RiZy) — Vi 0% = byl Zy |l (32)
Tr(GrC)+by,lICll <kyp (33)

where by 2 V2o, erf ' (2p, — 1) k=1,......K
by £ V20, erf *(2p, — 1)

Note that for p, < % ,the right hand side of (32) is negative

and hence this constraint is satisfied automatically as far as
Yi 0k < Tr(RyZy);

we hereby consider the case where p, > % , Which is
practically much more important than the case where p, < % .
similarly also, we will consider cases for p,, = % .Thus the
optimization problem of (11) can be written as:
min,,, leg=1 Tr(Wy)
subject to

1
1Zll < o (Tr(RZy) = Vi 0%)

TT(GmC)+bm"C” < km

W, =W rank (W,)=1 fork=1,.....K (34)

where Z, is given by (16); and € is given by (18). The
constraint on the rank of W, makes the optimization problem
of (34) non-convex. We will transform this problem into a
more convex optimization problem by replacing the rank-one
constraint by the SDP constraints. Then the relaxed
optimization problem can be written as:

min,,, Yk_, Tr(W,) subject to
1
NZpll < t; & = b_k(TT(Rka) ~ Yk %)
Tr(G,,O)+b,|ICll <k,
W, >0
W, =w# forall k=1,....,.K (35)

The optimization problem is now convex, and can be solved
using some efficient numerical algorithm like seDUMI.

IV. SIMULATION RESULTS

Our simulation examples illustrate the performance of the
proposed robust beamforming algorithm using similar
approach to that of [17]. The channel covariance matrices for
the PU and the SUs can be calculated using:

/T P=q)sind ,—(m(p-q)ogcos8)? /2

[Ric(0,09)]pq = (36)

where 6 is the central angle of the incoming rays to the kth
users and Mth users respectively, and the indices p and g
represent the elements of the NXN covariance matrix. we
assume that two secondary users are served by single base
station (BS) equipped with uniform linear antenna array with
eight antenna elements, there is also one active primary user.
it is assumed that the primary user is located in 10° angular
position relative to the secondary BS antenna broadside.
While the first secondary user is considered to be at an
angular position of 20°; the second secondary user is allowed
to move between 25" and 50°of angular positions, all relative
to the secondary BS antenna broadside. An angle spread of 2°
around the main angular position is assumed for all users. We
also assume a fixed noise variance of 1 at all users. we take
SINR threshold y,, = 5dB and the IP threshold, k,, = 4dB.
Px = Pm = p and o =0/ = o/ For each user central angle,
the non-outage probability is calculated using the results of
1000 simulation runs with randomly changing error matrices.
In the first part of the simulations, the proposed method (35)
is tested for different values of ¢2. In figure 2, gy = 2, and
p=0.8 have been used; it can be seen that the secondary base
station transmit power decreases as & increases in the spatial
separation between users. Figure 3 shows the total
transmission power versus & for the proposed and worst-case
design methods with different values of 62 We observed that
the proposed method outperforms the worst-case design-based
technique when the angle of separation is small. Figure 4
shows the plot of the transmitted power against the SINR; the
plot shows that as the SINR increases, the transmitted power
also increases both for the worst-case approach and the
proposed approach respectively, however the proposed
approach is more power efficient than the worst-case
approach.
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5 10 15 20 25
Angular separation (c)in degrees

Fig. 2: Secondary BS transmit power of the robust method (35) versus
angular separation for different values of o2
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Fig. 3: Secondary BS transmit power of the robust methods (10)and (35)
versus angular separation
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Fig. 4: Secondary BS transmit power of the robust methods (10) and (35)
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V. CONCLUSION

The proposed robust downlink beamforming methods have
been seen to be more power efficient than the worst-case
approach as shown by the simulation results. The technique
minimizes the total transmit power while maintaining the non-

outage probability for all users above a preselected threshold

value. The proposed approach optimization problem was
relaxed to a convex SDP problem a solved using the efficient

interior point methods.
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